On truncated mapping spaces of $E_n$ operads by Willwacher, Thomas
ar
X
iv
:1
91
1.
00
70
9v
2 
 [m
ath
.Q
A]
  5
 N
ov
 20
19
ON TRUNCATED MAPPING SPACES OF En OPERADS
THOMAS WILLWACHER
Abstract. The mapping spaces of the r-truncated versions of the En operads appear as the r-th stage of the Taylor tower
for long embedding spaces. It has been shown in [4] that their rational homotopy groups can be expressed through graph
homology in the limit r → ∞. For finite r only a part of the graph homology appears in the homotopy groups of the Taylor
tower at this stage, possibly along with some additional unstable homotopy groups. In this paper we study the convergence
properties in some more detail. In particular, we provide bounds for the stage r at which the various graph homology classes
start appearing, and we provide degree bounds for the unstable (i.e., vanishing as r → ∞) terms in the homotopy groups of
the tower.
1. Introduction
The spaces Emb∂(R
m,Rn) of long embeddings of Rm in Rn, i.e., embeddings fixed outside of a compact to be the
standard embedding, are well studied objects of algebraic topology. In particular, it is known that they can be accessed
using the Goodwillie-Weiss embedding calculus [5]. More precisely, we consider the homotopy fiber Emb∂(R
m,Rn)
of the inclusion Emb∂(R
m,Rn) → Imm∂(R
m,Rn) of embeddings into immersions. Then the Taylor tower converges for
n − m ≥ 3,
Emb∂(R
m,Rn) ≃ T∞ Emb∂(R
m,Rn) := holim
k
Tk Emb∂(R
m,Rn).
Furthermore, the k-th stage of the Taylor tower Tk Emb∂(R
m,Rn) can be expressed as the m + 1-st loop space of the
derived mapping spaces of the k-truncated little disks operads, and one has an equivalence of towers [3, 6, 7]
(1)
∗ Ωm+1Maph
≤1(Dm,Dn) · · · Ω
m+1Maph
≤k(Dm,Dn) · · · Ω
m+1Maph(Dm,Dn)
T0 Emb∂(R
m,Rn) T1 Emb∂(R
m,Rn) · · · Tk Emb∂(R
m,Rn) · · · T∞ Emb∂(R
m,Rn)
≃ ≃ ≃ ≃ ,
Here a k-truncated operad is similar data as an operad, except that one forgets about all operations of arities > k,
and all compositions involving such operations.
The rational homotopy type of the mapping space Maph(Dm,Dn) has been determined in [4]. It has been shown
there that an L∞-algebra model of this space is provided by the hairy graph complex HGCm,n. We refer the reader to
[4, section 7] or [2] for the definition and recollections about the hairy graph complex, and just remark here that its
elements are formal Q-linear series of graphs with external legs (”hairs”) such as the following.
, , ,
In particular, the hairy graph homology appears as the rational homotopy groups of the embedding spaces Emb∂(R
m,Rn)
for n − m ≥ 3, as has been shown in [4], and earlier in [1] for a weaker degree range. In other words, the stable part
of the rational homotopy groups of the Taylor tower is given by the hairy graph homology. The purpose of the present
paper is to study in more detail the precise convergence properties of the Taylor tower. To roughly summarize our
results, we have the following stabilization behavior. The part of the hairy graph homology with g loops (i.e., the first
Betti number of graphs involved is g) and h hairs, H(HGC
g-loop,h-hairs
m,n ) starts appearing in the Taylor tower roughly at
stage k = g + h, and survives as k → ∞. Apart from this stable piece there are (generally) ”spurious” classes in a
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certain degree range that can be bounded. These classes are short-lived, in that they vanish in the immediate next stage
after the stage they first appeared in.
Let us remark that the objects we study will be the derived mapping spaces Maph
≤k(Dm,D
Q
n ) between the little
m-disks operad Dm, and the rationalization D
Q
n . It has been shown in [4] that the natural map of towers
· · · Maph
≤k
(Dm,Dn) Map
h
≤k+1(Dm,Dn) · · ·
· · · Maph
≤k(Dm,D
Q
n ) Map
h
≤k+1(Dm,D
Q
n ) · · ·
≃Q ≃Q
is a (termwise) rational homotopy equivalence for n − m ≥ 3. However, even for n = m one can study the derived
mapping spaces
Maph≤k(Dn,D
Q
n ).
In the stable case k → ∞ their rational homotopy groups relative to the basepoint given by the rationalization map
Dn → D
Q
n are computed in [4], and can be expressed through the homology of the Kontsevich graph complexes GC
2
n.
These latter grpah complexes are defined similarly to HGCm,n above, except that the graph do not have hairs.
, ,
In this situation we derive similar (albeit a bit weaker) results for the stabilization behavior. The g-loop graph homology
H(GC
2,g-loop
n ) starts appearing in the tower roughly at stage k = g. Apart from this stable piece, there are generally
unstable classes in a certain range.
1.1. Statement of results. As a corollary of the discussion in section 10 (see in particular Theorem 10.12 and Corol-
lary 10.13) of [4] we can in particular show the following result. For n ≥ m ≥ 1 and n ≥ 2 (and ∗ ≥ 1) consider the
map defined in [4]
(2) Ik : H∗−1(HGCm,n)  pi∗(Map
h(Dm,D
Q
n ), ∗) → pi∗(Map
h
≤k(Dm,D
Q
n ), ∗)
where the basepoint ∗ is taken to be the trivial map Dm → |Com
c| → D
Q
n .
Theorem 1.1. The kernel of the map Ik of (2) is, in degrees ∗ ≥ 1,⊕
g+h>k
H<(n−m−2)(g+h−1)+mg+h−k+1(HGC
g-loop,h-hairs
m,n ) ⊂ H∗(HGCm,n).
The cokernel of the map Ik can be expressed as
(3)
⊕
g≥1,h≥1
h≤k≤g+h−1
Vg,h,k,
where Vg,h,k is a finite dimensional graded vector space concentrated in the single degree
(n − m − 2)(g + h − 1) + mg + h − k + 2.
The statement of the Theorem is that the arity truncation of the mapping spaces corresponds approximately to the
truncation by the number g+h (loops plus hairs) on the hairy graph complex side. We do not exclude that Vg,h,k is zero
in some or many cases. However, it will be clear from the proof that the classes in Vg,h,k already vanish at the k + 1-st
stage of the tower.
Also note that one has the following degree bounds on H(HGC
g-loop,h-hairs
m,n ).
Lemma 1.2. The hairy graph homology Hd(HGC
g-loop,h-hairs
m,n ) is concentrated in the range (i.e., is zero outside the
range)
(n − m − 2)(g + h − 1) + (m − 1)g + 1 ≤ d ≤ (n − m − 2)(g + h − 1) + mg + 1.
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Similarly, for n ≥ 2 (and ∗ ≥ 1) we consider the map defined in [4]
(4) J : H∗(GC
2
n)  pi∗(Map
h(Dn,D
Q
n ), ∗id) → pi∗(Map
h
≤k(Dn,D
Q
n ), ∗id),
where as the basepoint we use the canonical map Dn → D
Q
n . We also note that the corresponding component of the
derivedmapping space is weakly equivalent to the identity component of the homotopy automorphism space Auth(D
Q
n ),
so that we may equivalently consider the maps
J′ : H∗(GC
2
n)  pi∗(Aut
h(D
Q
n ), ∗id) → pi∗(Aut
h
≤k(D
Q
n ), ∗id).
In this situation one has the following result.
Proposition 1.3. The restriction of J of (4) to the g-loop part
Hd(GC
2,g-loop
n ) → pid(Map
h
≤k(Dn,D
Q
n ), ∗id)
is an injection in positive degrees d satisfying
d ≥ (n − 2)g + 4 − 2k +min(k − 1, g) =: dg,k,1
and is zero for positive d such that
d ≤ (n − 2)g + 3 − 2k =: dg,k,0.
Furthermore, the cokernel of the map J has the form ⊕
g
Wg,k,
where Wg,k is a finite dimensional graded vector space concentrated in degrees d with
dg,k,0 < d ≤ dg,k,1.
We also remark on the following well known degree bounds for the graph complex.
Lemma 1.4 ([8]). For g ≥ 2 the graph homology Hd(GC
2,g-loop
n ) vanishes outside of the range
(n − 3)g + 3 ≤ d ≤ (n − 2)g + 1.
For g ≥ 3 the upper bound can be improved by one to (n − 2)g.
We also note that the loop order≤ 2-pieces of the graph cohomologyH(GC2n) are spanned by the classes represented
by the following graphs.
· · ·
( j ≥ 1 edges and vertices)
(Mind that some of them are 0, depending on the parity of n.)
Combining Lemma 1.4 with Proposition 1.3 we find in particular.
Corollary 1.5. The restriction of the map J to H(GC
2,g-loop
n ) is injective in positive degrees for k ≥ g ≥ 2.
Roughly one can hence say that the truncation by arity of the automorphisms of the little disks operad corresponds
to truncation by loop order in the graph complex. Mind that Proposition 1.3 however leaves a ”gap” of degrees between
dg,k,0 and dg,k,1, within which we do not understand the behaviour of the map J well. Furthermore, the situation is a bit
different in loop order one. One can check that the loop order 1 graph with j edges appears on the
j+3
2
-th stage of the
tower, by hand computation.
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2. Proofs for the ”hairy” case
It is shown in [4] that the (positive) homotopy groups of the mapping spaces Maph(Dn,D
Q
n ) are computed as the
homology of the Hopf cooperadic deformation complexes
K(∗pn,Poism{m}).
For the definition of these complexes we refer the reader to [4, section 3.4]. For us only the following facts will be
important:
• As a graded vector space we have
(5) K(∗pn,Poism{m}) =
∞∏
r=2
Npˆn(r)[−1] ⊗ˆS r Poism{m}(r),
where pˆn(r) is the (higher dimensional) Drinfeld-Kohno Lie algebra generated by symbols ti j of degree n − 2
with 1 ≤ i, j ≤ r, and relations as in [4, Theorem 4.6]. The subspace Npˆn(r) ⊂ pˆn(r) is spanned by those
Lie monomials in which each index i = 1, . . . , r occurs at least once. It will be important to us that Npˆn(r) is
naturally graded, each generator carrying degree +1. The operad Poism (the m-Poisson operad) is generated
by two binary operations, the commutative product of degree 0, and the Lie bracket of degree m− 1. It carries
a natural grading by the number of brackets. Mind that in [4] Poism is replaced by em := H(Dm), which is
Poism for m ≥ 2 and the associative operad for m = 1. However, even for m = 1 the complexes produced are
quasi-isomorphic, so it makes no difference for our paper.
• The differential raises the arity r by one, but preserves the grading by number of generators on the pˆ′n(r). It
furthermore raises the number of brackets in Poism{m} by one. This means in particular that the following two
numbers are invariant under the differential
h := r − (brackets)
g := (generators) − h + 1.
We call g the loop order and h the number of hairs. The number of hairs obviously satisfies h ≥ 1. Furthermore,
the loop order is always non-negative, g ≥ 0, since the number of generators must be at least r − 1. Our
deformation complex splits into a direct product of subcomplexes Cm,n,g,h ⊂ K(
∗
pn,Poism{m}) according to
these numbers,
K(∗pn,Poism{m}) =
∏
g,h
Cm,n,g,h.
• As shown in [4] one has, for all d, an identification
Hd(K(
∗
pn,Poism{m}))  Hd(HGCm,n)
in such a way that the grading by g and h above is precisely mapped to grading on the hairy graph homology
by the loop number g and hair number h of graphs. Furthermore, for positive d one has [4]
(6) Hd−1(K(
∗
pn,Poism{m}))  pid(Map
h(Dm,D
Q
n ), ∗).
Similarly, one can consider a truncated version of the above story. In particular, it is shown in [4, section 10.3] that
the homotopy groups of the mapping spaces of truncated operads Maph
≤k(Dm,D
Q
n ) are computed as the homology of
the Hopf cooperadic deformation complexes
K(∗pn|≤k,Poism{m}|≤k)
which can defined as the quotients (cf. (5))
K(∗pn|≤k,Poism{m}|≤k) = K(
∗
pn,Poism{m})/
∏
r≥k+1
Npˆn(r) ⊗ˆ Poism{m}(r).
Concretely, one then has in positive degree d
(7) Hd−1(K(
∗
pn|≤k,Poism{m}|≤k))  pid(Map
h
≤k(Dm,D
Q
n ), ∗).
Similarly to Cm,n,g,h above we define the quotients
Cm,n,g,h,k = Cm,n,g,h/
Cm,n,g,h ∩
∏
r≥k+1
Npˆn(r) ⊗ˆ Poism{m}(r)

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so that
K(∗pn|≤k,Poism{m}|≤k) 
∏
g,h
Cm,n,g,h,k.
2.1. Proof of Lemma 1.2. The cohomological degree d in the deformation complex (5) can be expressed by the
numbers g, h, r as follows:
(8)
d = (n − 2)(generators) + (m − 1)(brackets) − m(r − 1) + 1
= (n − m − 2)(generators) + m(generators+ brackets − r + 1) − brackets + 1
= (n − m − 2)(g + h − 1) + mg + h − r + 1
For fixed g, h the number r can be bounded as follows
(9)
r ≥ max(h, 2) ≥ h
r ≤ (generators) + 1 = h + g.
But then Lemma 1.2 immediately follows. 
2.2. Proof of Theorem 1.1. We fix g, h and we want to study the homology map induced by the quotient map, which
models the g, h-part of (2) (see (6), (7))
Cm,n,g,h → Cm,n,g,h,k
from the subcomplex of the deformation complex of fixed g and h to its truncated version. Given the formula for the
homological degree of the previous subsection we see immediately that the arity truncation at arity k is the same as the
degree truncation at degree
dc = (n − m − 2)(g + h − 1) + mg + h − k + 1.
Concretely, the quotient Cm,n,g,h,k is obtained from Cm,n,g,h by setting to zero all elements of homological degrees
≤ dc − 1. It immediately follows that
Hd(Cm,n,g,h,k) =

Hd(Cm,n,g,h) = Hd(HGC
g-loop,h-hair
m,n ) if d > dc
0 if d < dc
Hd(Cm,n,g,h) ⊕ V if d = dc
,
where V is some (non-canonical) quotient of the degree dc piece of Cm,n,g,h. We define Vg,h,k to be the piece corre-
sponding to V of the cokernel of (2), concentrated in degree dc + 1. (The degree shift is due to the shift in (6).)
From these observations, Theorem 1.1 essentially follows immediately, except for the following cosmetic observa-
tion. First note that the complex V above is zero if dc is either the bottom degree in the complexCm,n,g,h, or a degree in
which the complex is zero. But from the discussion of the previous subsection we know that Cm,n,g,h is concentrated in
homological degrees d with
(n − m − 2)(g + h − 1) + (m − 1)g + 1 ≤ d ≤ (n − m − 2)(g + h − 1) + mg + 1.
In particular, we can conclude that V = 0 unless
(n − m − 2)(g + h − 1) + (m − 1)g + 1 < dc ≤ (n − m − 2)(g + h − 1) + mg + 1.
Inserting the expression for dc we obtain the following necessary conditions for V to be nontrivial
−g < h − k ≤ 0.
This is reflected in the index ranges in the direct sum (3) in the Theorem. 
3. Proofs for non-hairy case
We next consider the case m = n, and restrict our attention to the component of the canonical map ∗id : Dn → D
Q
n in
the mapping spaceMaph(Dn,D
Q
n ). According to [4] we can compute the homotopy groups of this connected component
by twisting the (relevant) deformation complex with an appropriate Maurer-Cartan element. Eventually, it turns out
that we can compute the homotopy groups as the homology of the complex
(10) (K(∗pn,Poisn{n}), d0 + d1),
already considered above, but with an additional piece d1 contributing to the differential. For our purposes we only
need to know the following two facts from [4]:
5
• The piece d1 leaves the arity r invariant, but adds a generator and removes a bracket. This means that the
grading by loop number g is still a grading on the complex (10), but the number of hairs h no longer is.
Accordingly, our complex splits into a direct product of subcomplexes
(K(∗pn,Poisn{n}), d0 + d1) 
∏
g
Dn,g.
• We have that
(11) Hd(Dn,g) = Hd+1(GC
2,g-loop
n )
for g ≥ 1 and all d, while Hd(Dn,0) = Hd+1(K ⋉ GC
2,0-loop
n ). Furthermore, for positive d
Hd−1(K(
∗
pn,Poisn{n}), d0 + d1)  pid(Map
h
≤k(Dn,D
Q
n ), ∗id).
Similarly, the homotopy groups for the truncatedmapping spaceMaph
≤k(Dn,D
Q
n ) are computed by the arity-truncated
version of the deformation complex
(K(∗pn|≤k,Poisn{n}|≤k), d0 + d1),
see also [4, Theorem 10.11]. We similarly define the truncated version Dn,g,k of the genus g piece so that
(K(∗pn|≤k,Poisn{n}|≤k), d0 + d1) 
∏
g
Dn,g,k,
3.1. Proof of Proposition 1.3. We first note that in the case m = n our formula (8) for the homological degree
simplifies to
(12) d = (n − 2)g − h − r + 3.
We now try to proceed similarly to subsection 2.2. We consider the complex Dn,g for fixed g. It contains pieces of
various h, r, with (repeating (9))
(13) g + h ≥ r ≥ h ≥ 1.
The homological degree depends only on the number h + r, and we may consider −h − r as the homological degree,
up to an overall shift. We want to study the homology map induced by the projection to the arity truncation
(14) Dn,g → Dn,g,k.
Given the bounds on h, r, the above complexes can be depicted as follows, in r, h-space.
h
g
r
k
Here the shaded strip corresponds to (r, h) such that pieces with that hair number and arity can be present in the complex
Dn,g. Similarly the dark shaded piece corresponds to those pairs (r, h) where the quotient Dn,g,k can be nonzero. The
vertical line at r = k represents the truncation. Note that in contrast to the hairy situation the truncation now is not just
by the homological degree, but instead the truncation line cuts through various degree pieces. This makes the effect
of the truncation less transparent, and is the reason why the statement of Proposition 1.3 is a bit weaker than that of
Theorem 1.1.
Concretely, consider the subspace VR of Dn,g spanned by all pieces having r + h = R. This is the same as the
subspace of homological degree (n − 2)g − R + 3. Then from h ≤ r we obtain R = r + h ≤ 2r, or
r ≥
R
2
.
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Similarly, h ≥ 1 gives R ≥ r + 1 and h ≥ r − g (see (13)) yields R ≥ 2r − g, or
r ≤
R + g
2
.
Hence the arities r (potentially) present in VR are in the range
rmin :=
⌈
R
2
⌉
≤ r ≤ min
{
R − 1,
⌊
R + g
2
⌋}
=: rmax
In particular we see that the projection (14) has the following properties:
• VR is sent to zero if k < rmin. This is satisfied if
R > 2k.
• VR is sent to itself if k ≥ rmax. This is satisfied if k ≥ R − 1 and 2k ≥ R + g, and hence if
R ≤ 2k −min(k − 1, g).
Translating this back to homology, we see that the map
Hd(Dn,g) → Hd(Dn,g,r)
• ... is zero if
d < (n − 2)g + 3 − 2k,
because the right-hand side Hd(Dn,g,r) is zero there.
• ... is an injection if
d ≥ (n − 2)g + 3 − 2k +min(k − 1, g)
and an isomorphism (at least) if the inequality is strict.
In between these two degree bounds we may find (potentially) non-trivial pieces in the cokernel. To arrive at the
statements of Proposition 1.3 we merely have to mind the additional degree shift in (11)

3.2. Proof of Lemma 1.4. The Lemma has essentially been shown in [8], in different degree conventions (cohomo-
logical instead of homological). We quickly give a proof here for the sake of completeness. The lower degree bound
comes from combinatorial considerations on graphs. Concretely, in loop order g ≥ 2 we may require all vertices to be
at least trivalent, so that we have the inequality
2e ≥ 3v
between the number of edges e and the number of vertices v. Furthermore, we can express the loop number as
g = e − v + 1, and use this to eliminate v = e − g + 1 in favor of g. In particular, our inequality becomes
e ≤ 3g − 3.
It follows that the degree (in GC2n) satisfies the inequality
d = (n − 1)e − n(v − 1) = (n − 1)e − n(e − g) = ng − e ≥ (n − 3)g + 3.
The upper degree bound for homology can be shown starting from the space Dn,g above and (11). To this end
consider (12) and note that r ≥ 2 and h ≥ 1. For the degree in Dn,g (still (ab)using the same letter d) we hence have
d = (n − 2)g − h − r + 3 ≤ (n − 2)g.
Mind that by the degree shift in (11) we have to add 1 to obtain a degree bound for H(GC2n). The estimate can be
slightly improved. Concretely, the r = 2-part of the complex Dn,g is easily written down explicitly. It is concentrated
in loop orders g ≤ 2. Hence for g ≥ 3 we can use that r ≥ 3 and the upper degree bound follows from (12), where we
have to mind the degree shift in (11).
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